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ABSTRACT 

Numerous methods have been proposed for testing the hypothesis 

of zero three-factor interaction in contingency tables.   These methods 

are incorporated into a single computer program which is designed to 

calculate the test statistic by any or all of the proposed techniques, 

and which also provides estimators of the interactions and correspond- 

ing two-sided confidence intervals.   The program is written in FORTRAN 

63 for the CDC-3600 computer, and will analyze interactions in contingency 

tables of dimensions   2 < r < 5, 2 < s < 5,  2 < t < 16, for r < s < t   . 
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COMPUTER ANALYSIS OF THREE-FACTOR INTERACTIONS 

IN CONTINGENCY TABLES 

Marvin A. Kastenbaum and Dennis Kuba 

1. Introduction 

The analysis of three-factor interactions in contingency tables has been the 

subject of numerous recent papers culminating with the admirably lucid treatment 

and summary given by Goodman [15].   This series of papers begins with one by 

Kastenbaum and Lamphiear [8] in which the authors present an iterative technique 

for solving   (r-1) ( s-1) (t-1)    simultaneous fourth-degree equations.   These equa- 

tions result from an extension Bartlett' s [2] test of zero interaction in a 2X2X2 

table to the general three-way   (rXsXt)   table as presented by Roy and Kastenbaum 

[6].   Subsequent authors [10, 11, 12, 13, 14, 15] have proposed alternative tech- 

niques   of analysis, each progressively simpler than the preceding one, but all 

testing the same hypothesis.   In every case; the test statistic is distributed 

asymptotically as chi-square with   (r-1) ( s-1) (t-1) degrees of freedom. 

It is the purpose of this paper to describe a computer program which has been 

designed to calculate the test statistic by any or all of the proposed techniques. 

This program also provides the estimates of interaction and corresponding simul- 

taneous confidence intervals given by Goodman [ 15].   The program was written 

in FORTRAN 63 for the CDC-3600 computer, and will do analyses on contingency 

tables of dimensions   2<r<5,  2 <s<_5, 2<.t<.16,   for  r < s < t   .   [Appendix]. 

2. Tests of Hypotheses 

Let  n...    be the number of observations in the   ith  row,   jth   column, and 

Sponsored by the Mathematics Research Center, United States Army, Madison, 
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r^   s   t 
kth  layer of a three-way contingency such that   Z/   Z   Z    nHir = n»   the total 

i=l j=l k=:l    1}K 

sample size.   Denote by  0 < n      < 1  the corresponding probability where 
r     s    t 
Z   Z   Z n^v = 1  •   ^LSO define the following relationships: 

i=l  j=lk=l    ijyi 

r s t 

ip1 
nijk = n.jk' ^ nijk = ni.k' ^ "ijk = nij.    ' 

r    s r    ^ ?>    * 
Z Z nnk = n    k» Z   Z   "ük = n 1 > L   Z  n

i1k = ^ » 
i=lj=l  ijJc       ••lci=lk=l   i3,c       •^   j=l k=l   i),C       i" 

with similar relationships for the   n  , ' s   .   The hypothesis of zero three-factor 

interaction in an  rXsXt  contingency table is given by: 

n  ,11..,     n  .n..4 rsk   ijk _    rst   ijt . 

isk   rjk        ist   rjt 

for all integers   i, j, k  such that  1 < i < r,   l<j<s, l<k<t   . 

2.1.   Kastenbaum and Lamohiear f8l 

For the  rXsXt  table, Kastenbaum and Lamphiear generalized an iterative 

technique proposed by Norton [ 4] for handling the simultaneous fourth-degree 

equations which arise in the estimation process.   Under the null hypothesis { 2.1), 

estimates of the parameters may be achieved by first solving for all x  .     in the 

following systems of equations: 

r^l s-1 r-ls-1 
^rsk-^^V^ijk-y        ^rst^Z Z^V^n^-x^) 

s^T^ r-1 = s-1   '" r^l ' (2-1-1) 
(nisk + ^ xijk

)( ^jk+^i^ ("ist+ S1
Xijt

){nrjt +i^1
Xijt) 

for all positive integers  i < r, j < s,   and  k <t,   and subject to the constraints 
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t-1 
). x .,   = -x .^      for all positive integers   i < r   and   j < s   .   Let   v...    be the ^   i]k ijt ^ ^ _ _ 1]k 

values of  x...    which satisfy ( 2.1.1) for all integers   1 < i < r, i < j < s   , 

and   1 < k < t   .   Then 

r     s     t 

x2 = i z z "iV^iik^ii^ (zA-z) 
i=i j=i k=ii3K IIK

  
i]K 

is distributed asymptotically as chi-square with   ( r-1) ( s-1) (t-J)   degrees of 

freedom. 

The program solves equations ( 2.1.1) by applying Newton' s method of func- 

tional iteration to a technique proposed by Norton [ 4], and computes the value of 

the test statistic (2.1. 2) .    It then prints out the number of iterations, the number 

of degrees of freedom, *he value of the test statistic, and the observed and ex- 

pected cell frequencies, with identification for all the cells in the contingency table. 

A sample print-out is given in Table 1. 

2. 2.   Darroch [10] 

An alternative solution to equations ( 2.1.1) is given by Darroch.   This 

method involves the iterative solution for   6,, ,  9, ., and   i[»..   in the following 

(rs + rt + st) simultaneous non-linear equations: 

n ,. r 
•]k   _ 

=   6.u E  V^ 4V (2.2.1) n jk ^    ki ^ij 

11 k =^L ^v (2-2-2) n ki r^   ij   jk 

n,. 
"■""" = 4J. . 7,  5.,   v, ,    . ( 2. 2. 3) 

n Yi] ,^.   jk Yki 

The iteration begins by setting   <p     = (p     = n.     /n    .    and I|J   = I}J.    =n.,  /n, 
KI KI 1« K      • • K IJ lj IJ •        !• « 

( 2) 
in equation (2.2.1)  and solving for  6.,   = 6       ,   then in equation (2. 2. 2)     let 

JK       jk 
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ik   = ijj..    and 6 ,  = 6;,      and solve for  ((>    = ^H     •   In equation ( 2» 2»3), iet 

6.,  =6;,       and   a», . = «>, .      and solve for ik   = ik.      .   Then return to equation 
jk      jk ki      ki Tij      ij 

(2.2.1), letting   <p.    - <p,.     and   ty    - \.   i   and solve for 6 ,  = 6..      .   Con- 

tinue the iteration in this way until   i|j:m'  = i)jj.m"   , b.™   = Sjj"1"   ,   and 

<p      - qr to five decimal places for all positive integers   i < r, j < s, k < t   . 

At this point calculate 

*   =lil^l  j^^ijk'^jk   ^ki   ^ij    ]  /n6jk   ^ki   ^ij      ' (2-2-4) 

Darroch has shown that this test statistic is distributed asymptotically as chi- 

square with   (r-1) ( s-1) (t-1)   degrees of freedom.   Moreover ( 2, 2. 4) and ( 2.1. 2) 

are algebraically identical. 

The program solves equations ( 2. 2.1), ( 2. 2, 2), and ( 2. 2. 3), and computes 

the value of the test statistic (2. 2. 4).   The print-out is identical to that of Table 1, 

except that the number of iterations is generally smaller.   In this sense, the 

Darroch procedure is superior to the Kastenbaum-Lamphiear procedure. 

2.3.   Plackett fill 

Let 6   ,   = n.../n    .    be the conditional probability that an observation will 

fall in the   ith  row and  jth  column, given that it is in the   kth   layer.   It follows 

that the null hypothesis,( 2.1^ may be rewritten as 

H0:Aljk=A1Jt (2.3.1) 

for all integers   1 < i < r, 1 < k < t,   where  A   ,   =6   .6 ../e.  .6 ..    .    Using 
ijK       rsK I>JK    isK rjK 

a criterion suggested by Woolf [5], Plackett presents a procedure for testing a 

null hypothesis equivalent to ( 2. 3.1), namely 

Hn:    r...   = r.,+ (2.3.2) 
0        ijk       ijt x 
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*dl. 
■•ai^-JiK^. 

for all integers   l<i<r,  1<3<S, 1 < k < t,    where   r,     = log A.       .   This 

procedure is based on the fact that the maximum likelihood estimator of log A... 

is log d,,. ,   where   d...   = n... n   , /n,  . n ..    for all integers   1 < i < r, 1 < j < s , *   ijk' ijk       13k rsk    isk rjk —        >     — 

1 < k <t   .   Moreover the variance of   log d...    may be estimated consistently by 
IJK 

1 1 1 1 
ijk    n,.,       n   .      n,   .      n .. ijk        rsk       isk       rjk 

If  R   and   S   are two matrices of order   (r-1) Xr   and   (s-1) Xs   respectively 

with rows orthogonal to each other and to the unit vector, then the direct product, 

[R*S],    is a matrix with   ( r-l) ( s-1)   rows and   rs   columns.   The elements of 

each row of this matrix provide the coefficients of a linear combination of the 

logarithm of the frequencies in the   kth   layer of the contingency table.    More 

specifically, the matrices   R   and   S   are formed as follows: 

fl for l<iSaf 
a for i = c* + 1 , 
0    for i > »+ 1 ,    where   l<i<r, l<o<r,    and 

f 1     for 1 <J < p , 
S= {o-   }=  <-p    for 3 = ß+1, 

PJ [^0    3 > ß+1, where   1<3<S, l<ß<s   . 

Then for each positive integer   k < t,   a column vector   2 ,    is generated from the 

product of the   (r-l) ( s-1) X rs   matrix [R*S]   with the   rs X 1   vector {log n   ,}. 
i3k 

The elements of   z.    are 
k 

r      s 
'u  ^ = L    L P   • (T a' log "■ 1     • 2' 3' 3.) köß     H,   rJ

1   an    ß]     3   ijk ' 
i=l   3=1 

The asymptotic distribution of   z,   = {z.    J   is multivariate normal, with dis- k kap ' 

persion matrix 

V,   = [ R * Si D-1,  [ R * S]'   , 
k     L        ■'     13 k L J     ' 

#636 -5- 



where   D is a square matrix of order  rs   with elements   { }   on the diagonal 
nijk       .. nijk 

and zeros elsewhere.   The elements of  V,    are k 

r     s 
COV[ Zkaß'   Zka' p« 1   = .^    2 Pai Pö. i ^ßj > j^ijk   ' ( 2- 3- 4) 

for all positive integers   a, a1 < r  and   ß,  ß' < s   .   If  z'   denotes the transpose 

of   z ,   and  V.     the inverse of  V ,   then on the hypothesis of zero three-factor 

interaction, (2.3.2), the statistic 

Y2 = ^ ZkVklzk-^   K\lnl   V"1]-^ V^z] (2.3.5) 
k=l  K K       k=l  K   K     k=l   K        k=l  K    K 

is distributed asymptotically as chi-square with   (r-1) ( s-1) (t-1)   degrees of 

freedom. 

This portion of the program computes the elements of all the vectors   z     and 

of their associated dispersion matrices   V.    from formulas ( 2. 3, 3) and ( 2. 3. 4) 

for all integers   1 < k < t   .   To evaluate the test statistic, ( 2. 3. 5),   (t + 1) square 

matrices of order  (r-1) (s-1)    are inverted.   The print-out. Table 2, displays all the 

vectors   z,   and their associated dispersion matrices   V,    for all integers   1 < k < t  ; 
t     2     * -1 t    -i _i    t »i K —   — 

and )?=lLk =ÄlZk Vk V P =^k:SlVk ^    ' Äl zk Vk »   as wcl1 as the value of the test 

statistic,  ( 2. 3. 5), and the number of degrees of freedom. 

2. 4.   Goodman f 14.151 

The approach suggested by Goodman modifies Plackett1 s method for testing 

the null hypothesis ( 2. 3. 2) by redefining the two matrices   R and   S   as follows: 

R = {pai^ =   S   "1       tor  i = r   , 

1 for i = a , 

1 f or i = r , 

0      elsewhere,   where 1< i < r, 1 < a < r,   and 
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s=V = 
1       for   j = ß 

-1       for   j = s 

0      elsewhere,    where l£.j<s, l<_ß<s   . 

As in Plackett' s method, column vectors   g,   - {g,    J    are generated, where 
' k kap 

r     s 

ko-ß     ,u.   f-'. rai     ß3      '    13k 
1=1 3=1 

The asymptotic distribution of each   g,    is multivariate normal with dispersion 

matrix   U, ,   whose elements are k' 

r    s 
Cov[g.    ., g.    , o, ]   = X   X   p    . P   . . o'    . a _. ./n... { 2. 4. 2) 

kaß'     ka' ß'J      .M.   fJ1 
ra'1 ral 1     63      ß'3'    13k 

1=1  3=1 

-1 * -1 
for all positive integers   a, a' < s   .   If   U,    = M, ,   Q = [/_/ ^ ]    ,    and 
_     t k K k=l    k 

g   = X M   g, ,   then the statistic 
k=l    k   k 

2      t 

Y    = ^i gkMkgk "^  0g (2.4.3) 
k=l 

is distributed asymptotically as chi-square with   ( r-1) { s-1) (t-1)    degrees of 

freedom.   Moreover, expressions ( 2. i5)  and ( 2. 4. 3)  are identical. 

Except for the new definitions of the matrices   R   and   S,   the computational 

procedure using either Plackett' s or Goodman' s methods appear to be identical. 

In both methods it is necessary to invert (t + 1)    matrices of order   (r-1) { s-1)    . 

However, Goodman makes a significant contribution, at this point,  by demon- 

strating that only one   ( r-1) ( s-1) matrix and   t   matrices of order   (r-1),   for 

r < s,   need to be inverted in calculating the test statistic ( 2. 4. 3).   The re- 

duction in computing time which results from this modified procedure may be 

appreciable.   The calculations are carried out as follows: 

#636 -7- 
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(i)   For every integer  k,   l<k<t,   define the   (r-1) X(r-l)   matrices 

B(k) =D        --L- {n, Jin, ,V   , n,  ,     n    ,       isk      isk      * isk      .sk 

B(M   =D .__L_  {n.}^.}'    , 
J "ijk     n.jk        ijk       ijk 

where  D and   D are  (r-1)X (r-1)   diagonal matrices with n.  , n... 
isk ijk 

elements  n   .    and   n  ,   respectively, and where   {n   .}'    and 

{n.., }'   are the respective transposes of the   (r-1) X 1  column vectors 
ijk 

{n   .}  and   {n..,},   for integers   1< i < r,   and   l<j<s   . 

s-1 
(ii)   Evaluate  C( k) = B( k) + ]] Bik)»   an   (r-l)X(r-l)   matrix, and its 

(k) j=1 

inverse  G^     ,     1 < k < t   . 

(iii) Construct the submatrices 

B(k).B(k)G(k)B(k) for  j=j, =li2 3.!   ( 

Mir        1 .B<k'G(k)B|,k) for  j^J'   . 

(iv) For every   k,   1 < k < t,   form the square matrix   M.   of order  (r-l)( s-1) 

2   _..u_^__   M(M 
jj" 

in equation ( 2. 4. 3) from the   (s-1)      submatrices   M; ,     each of order 

(r-1) X (r-1) . 

( v)   Evaluate the test statistic using equation(2. 4. 3) . 

The print-out (Table 3), for this section of the program displays all the 

vectors  g,,   their associated dispersion matrices  U. , and 
t      2     t 
S   Hk = S gj^ M^ gk, Q, g',    as well as the value of the test statistic, 

( 2. 4. 3), and the number of degrees of freedom. 

-8- #636 



2.5.   Goodman [ 151;    The   2X2Xt   Contingency Table 

For the three-way contingency table with   r = 2  rows,    s = 2   columns, and 

t > 2   layers, Goodman proposes three alternative test statistics.   Two of these 

are based on an analysis of the cell frequencies, and the third, which is a special 

case of the procedure discussed in section 2. 4,  is based on an analysis of the 

log-frequencies. 

rn    rw- ^        "llk^k 1^1^      1       L      1 ,2 (i)    Define   d.   =  ,   u.   =  + +  +    ,   v.   = d. u,    , 
k     nl2kn2lk k     nllk     n22k     nl2k       n2lk k        k   k 

and   w,   = l/v,    ,    1 < k < t   .   Then 
k k —     — 

2     t t t 
x =E d

k
w

k-[E d
k

wJ /E w
k t2-5-1) 

k=l   K    K       k=l K   K     k=l   K 

is distributed asymptotically as chi-square with   (t-l)   degrees of freedom. 

Equation { 2. 3.1) may be used to test the hypothesis of zero three-factor inter- 

action which, in the   2 X 2 X t  table may be specified as 

121   211 12k    21k 

Equation ( 2. 5. 2) may be rewritten as 

H0:    Al =Ak,    2 < k < t   , (2.5.3) 

"ilk n22k       eilke22k 
where A    = —  = r  

k       "^k^lk      ei2ke21k 

is a measure of the two factor interaction in the   kth   layer of the table.   The 

maximum likelihood estimator of A     is   d ,   and its variance can be estimated 

consistently by  v,    . 

Moreover, Goodman points out that this null hypothesis may be partitioned into 

the following   (t-l)    sub-hypotheses: 

#636 -9- 



Hr Ai=A
2 

H2:   A1=A3   (given that  A
1-^2) 

H0:   A,^^,   (giventhat  A,-A.=A.) (2.5.4) 
3 14 i       c        i 

H    .IA.SA     (giventhat   A ,= A _ = ... = A    ,)    . 

Each of these sub-hypotheses   H.  (1 < k < t)    can be tested using a single de- 

gree of freedom as follows: 

n,, n 
Define   d    =   llv 22v       1 < Y < k   , 

k 

V      nl2vn2lY 

and corresponding quantities   u , v , and  w     .   Let  d,   = ^ d   w //j 
* 

w 

* 
k ^     ^ Y k    Y=l   Y    V  ^    V 

and   v,   = l/y. w    .   Then to test   H.  .      1 < k < t,  in equation ( 2. 5. 4)   compute 
Y=l 

Xk = tdk+l-
dk32/[vk+1+v*]     . (2.5.5) 

t-1    2 2 
The sum,    £  \   is equal to  X    given by ( 2. 5.1). 

k=l   K 

When  H.   is true,  (2.5.5) is distributed asymptotically as chi-square with 

one degree of freedom.   Also when H0   is true, each of the  ( k -1)    statistics 

2 
X.    will have esymptotically independent chi-square distributions each with one 

degree of freedom. 

(11)   Letb   =^-,   a   =^V   hk=-f,   l<k<t, 
k k 

b   =-r- ,   a   =bu,    h   =— ,    l<Y<k, Yd'     Y      YV       Y    a — i—     > 
Y '       '    ' '        Y 

«      k k * k 

b,   = X   b  h /^ h , and  a,   = l/X   h      . 
k      ^i    Y   Y      i   V k ,   Y Y=l Y=l Y=l 
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Here  b,    is the maximum likelihood estimate of  1/A .  ,    and its variance can be 

estimated consistently by   a,    .   When the null hypothesis ( 2. 5. 3) is true 

z2= I bkhk-^ bkhJ2/^ h
k 

{2-5-6) 

k=l   K   K      k=l   K   K      k=l   K 

is distributed asymptotically as chi-square with   (t-1)   degrees of freedom.   Tests 

of  H.    (1 < k < t)   in equation ( 2. 5. 4)  are given by 

zk = [bk+i-bk]2/[ak+i + \] (2-5-7) 

which, when   H,    is true, is distributed asymptotically as chi-square with one 

\       Z        2 
degree of freedom.   Also   /j   Z    = Z 

krl   K 

(iii)   Let gk = log dk,   mk = l/uk ,    1 < k < t   , 

g    = log d ,    m    = l/u    ,    1 < y < k   , 
Y Y        Y Y -     -       » 

*      k, k * k, 
g,   = /,g   m /),   m  ,   and   u.   = l//. i 

v=l v=l 

Here   g,    is the maximum likelihood estimate of r   = log A   ,    and its variance 

lk 
can be estimated consistently by   uu   .   The null hypothesis,  ( 2. 5. 3), becomes 

H:r   =r for      2<k<t       . (2.5.8) 
U X K 

When ( 2.5. 8) is true 

2       t      2 t 2   t 

k=i K K   k=i K ^   k=i K 

is distributed asymptotically as chi-square with   (t-1)   degrees of freedom.   This 

statistic,  ( 2. 5. 9), is the special form which equation ( 2. 4. 3) takes when   r = 2 

and   s = 2   .   Tests of hypotheses analogous to ( 2.5. 4)  involving the log-frequencies 

are given by 

#636 -11- 
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for every integer   k,   1 <_ k < t,   which, when H,  is true, is distributed asymptotically 

V      2        2 
as chi-square with one degree of freedom.   Also,   /j  Y.   = Y     .   Moreover, when 

k=l 
2 2 2 H.    is true,   Y,    and   Z     are asymptotically equivalent to  X     . 

This portion of the program computes all the test statistics given by equations 

(2.5.1), (2.5.5),  (2.5.6), (2.5.7),  (2.5.9)  and (2. 5.10).   The print ^ut, 

displayed in Table 4, gives values of   d. ,  v., b , a, , g ,  and u,    for   l<k<t   , 

2       2 2 
and  X. , Z. ,   and  Y,    for   1 < k < t   .   In addition, the program computes and 

2      2      2   t"1    2 t'1    2 t"1    2 
displays the values   X , Z , Y ,  /j  X- , ^j  2, , 2J   ^k »   anci t^e num^er 0^ 

k=l   k k=l k=l 
degrees of freedom. 

2. 6.   Kullbackf  Kupperman. and Ku fl2f13l 

The procedures outlined by Plackett [11] and Goodman [14,15] for testing the 

hypothesis of zero three-factor interaction, ( 2.1), are primarily generalizations 

of a method proposed by Woolf [5] in which the test criterion is based on a logit 

transformation of the data.   This test criterion is one alternative to the Pearson 

[1] chi-square test of goodness of fit.   Another alternative is the likelihood- 

ratio test criterion proposed by Wilks [ 3], and investigated by Woolf [ 7] and 

Kullback, Kupperman, and Ku [12,13]. 

Kullback,  Kupperman,  and Ku resort to an information theory approach and 

define a minimum discrimination information statistic [M.D.I. S.].   This statistic 

is distributed asymptotically as chi-square under the null hypothesis, and as 

noncentral chi-square under the alternative hypothesis, with appropriate degrees 

"12" #636 
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of freedom and noncentrality parameter.   It has additive properties in the sense 

that it can be analyzed into several additive components for a hypothesis which 

is equivalent to the combination of several hypotheses of interest.   Each such 

component of the M.D.I.S. is itself an M.D.I. S., and is distributed asymptotic- 

ally as chi-square with appropriate degrees of freedom.    Moreover, the M. D. I. S. 

has the convexity property which is useful in finding other M. D.I. S. under certain 

restrictions and groupings.   In particular, for nonnegative real numbers   a,   and 

b.,   this property yields 

n n n        n 
^ a   ln(a/b) > (^ a.)  ln(^ a./J b.)    . (2.6.1) 
Ul   ' 1    1 i=l   1        1=1   li=l   1 

al       a2 an Equality holds if and only if   r"" = T
- = . ..  = ^ 

b.       b_ b 
12 n 

In the   r X s X t  table, the criterion for testing   Hn,  ( 2.1),  is given by 

r     s    t 
21' = 2 £   I   I   n      log 

1=1 j=l k=l    J 

n... n,    n  . n 
nk i..   .1.   . 

nn.. n,  . n  ,. 
ij.   i. k .jk 

(2.6.2) 

This statistic is distributed asymptotically as chi-square with   (r-1) ( s-1) (t-1) 

degrees of freedom.   In any specific example the convexity property may not hold. 

This may result in a negative value for ( 2. 6. 2), in which case Kullback, Kupperman 

and Ku [12, pp.  225-226] recommend one of the following alternative analyses of 

the data: 
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row-layer interaction with column 

r     s   t 
21 =2^   H n      log 

i=l i=lk=l  llK 

nk   .j.   i. k 
n..  n   , n,   , 
ij.   ,]k i.k 

where   y.      = /, n.,   n   ,. /n  .     ; 
i.k     .^    i).    .jk    .j. 

j=l 

(2.6.3) 

column-layer interaction with row 

liik 

r     s    t 

2f = 2 E   E   E   ni^l09 
l=lj=lk=l 

n.., n.     y  .. 
ilk   i..   . ]k 

n,.   n  .. n.  . 
ij.    .jk  i.k 

where  y      = /, n..   n.  , /n, ; 
.jk    ^   13-    i-k    i. . 

( 2. 6. 4) 

row-column interaction with layer 

r     s    t 
21 = 2 2   YJ   E   nuvlo(3 

i=l j=l k=l 
ijk 

iik   ..k  ii. 
n,.   n  ,, n.  , 
ij.    .jk  i.k 

where  y      = E   n.  i.n ^/n 

ij k=l 
i.k   .jk'   ..k 

(2.6.5) 

The program computes the   M. D. I. S.   test statistics using equations ( 2. 6. 2), 

( 2. 6. 3), ( 2. 6. 4), and ( 2. 6. 5), and prints out the corresponding values of   21 as 

well as the number of degrees of freedom. 

3.   Confidence Intervals 

Of all the papers on the subject of three-factor interaction in contingency 

tables, only Goodman' s [15] deals with the problem of estimation.   Indeed, the 

final section of this paper is devoted exclusively to a discussion of methods for 

estimating the magnitude of the three-factor interaction, and for obtaining con- 

fidence limits for it. 
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Let 

A = log 11 c __.1..,1 .._~-=b.-
{

n .. k nb k I n .. d rrcdJ 
ibjckd nbjk nick nbjd nicd 

( 3. 1) 

be the measure of a particular three-factor interaction for all integers 1 ~i <b ~r , 

1 ~ j < c ~ s, and 1 ~ k < d ~ t • Depending on the values of b, c, and d , 

there can be as many as ( ~ ) ( ~ ) ( ~) such three-factor interactions in an 

r X s X t contingency table. In particular, for b = r, c = s, d = t, there are 

( r-1) ( s-1) ( t-1) interactions of the form 

{
n .. kn k ;ni. n } = 1 11 rs 1t rst 

og n n n n • 
rjk isk rjt ist 

( 3. 2) 

The maximum likelihood estimator of Aibjckd is 

( 3. 3) 

and its variance is estimated consistently by 

2 
8ibjckd = uibjck + uibjcd ( 3. 4) 

1 1 1 1 
where u =-+-+-+-

ibjck nijk nbck nick nbjk 
( 3. 5) 

Using these definitions, Goodman proposes three alternative sets of approximate 

two-sided confidence intervals for Aibjckd: 

( 3. 6) 
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2 
where   Xm( P) is the   [P X 100] th   percentile of the chi-square distribution with 

T = (r-1) { s-1) (t-1)   degrees of freedom; 

Vjckd^l'^ibjokd    ' (3-7) 

1+p where   xA?)   is the   [-r—XlOOjth  percentile of the standardized normal dis- 

tribution; and for a specified subset of interactions.   A,  ., 7      (w)' 

(w) W (w)       ' 

where, for any ( b, c, d),    w = ( b-1) { c-1) (d-1)    is the number of elements in the 

subset   (w) = (ibjckd);    and 

W=W(B,C,D)=2     ^     2    (b-1) (c-1) (d-1)    , 
b« B cc Cde D 

where   B,C, and D  are subsets of the sets of integers   1,1,1    suchthat 

B£Ir = {2,3,...,r}   , 

CCIs = {2,3,...,s}   , 

DCIt = {2, 3,...,t}   ; 

2W-1+P 
and   *   ( P)    is the   (— X 100)   percentile of the standardized normal dis- 

tribution.   It follows that   1 < w < W < (^) ( ?) (I)   •   In particular,  for the sub- 

set   (w)   =(irjskt),   w = W =T = (r-l){s-l)(t-l),   and the intervals ( 3. 8) 

become 

W^V'W > (3-9' 
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2T - 1 + P where   $T( P)   is the   ( zz X 100)th   percentile of the standardized normal 

distribution. 

In the final paragraph of his paper, Goodman [15] discusses the relative 

merits of the three alternative sets of confidence intervals (3.6), (3. 7), and 

( 3.8).   His remarks may be summarized as follows: 

( i)     If any of the intervals (3.6) do not include zero, the null hypothesis, 

( 2.3. 2), will be rejected at a significance level   (1 - P),   when tested using 

(2.4.3). 

(ii)   When a specific set of  W  three-factor interactions is of interest, 

w < ( 2 H 2 H *),   T > 1,    and when the usual values of   P, [ P = . 95 or. 99]  , 

are used, ( 3.8) will yield smaller confidence intervals than ( 3.6) . 

r      s     t 
(iii)   The probability is ( approximately)   at least   P that all the (_)(_)(_) 

intervals ( 3.6) include the corresponding true values.   That is to say, the 

r    s     t probability is (approximately) at least   P   that all the   (_){_)(_)    confidence 

statements associated with ( 3,6) are correct. 

( iv) The length of the confidence interval will be reduced if ( 3. 7) is used 

in place of (3.6). However, the probability that all the confidence statements 

are correct will also be reduced. The expected proportion of correct confidence 

statements of type ( 3. 7) will be approximately   P   . 

( v)    To insure that .all confidence statements are correct, with probability 

( approximately) at least   P,   use form ( 3. 6).   If it suffices to insure that the 

expected proportion of correct confidence statements is   P,   then ( 3. 7)  should 

replace (3.6). 
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(vi)   The same consequences will result when intervals ( 3. 7)  are used in 

place of intervals (3.8). 

For a prescribed set of integers ( b, c, d), and for all (i, j, k) in the range 

l<i<b<r, l<j<c<s, l<_k<d<t,   this portion of the program calculates 

the estimates of interaction and their estimated variances using equations ( 3. 3) 

and ( 3. 4).   Moreover, it evaluates the three alternative sets of approximate 

two-sided confidence intervals given by equations ( 3. 6), ( 3. 7), and ( 3. 8), for 

2 
values of  P = 0. 95 and 0. 99 .   Values of x^ P)   in ( 3, 6) are calculated using 

the Fisher-Cornish [ 9]  approximation. 

Finally, the program is designed to transform the estimates of interaction and 

the corresponding confidence intervals to their original scale by taking the anti- 

logarithm of each of the computed .values.   The results of these calculations are 

displayed in logarithmic units in Table 5. 

-18- #636 



REFERENCES 

1. Pearson, Karl [1900], "On the criterion that a given system of deviation from 

the probable in the case of a correlated system of variables is such that it 

can be reasonably supposed to have arisen from random sampling, " Philos. 

Mag.   Series 5,  vol.  50, pp. 157-172. 

2. Bartlett, M.  S.,  [1935],    "Contingency table interactions. " Tour. Roy. 

Soc. Supplement. vol.  2, pp.  248-252. 

3. Wilks, S.  S.  [1936],    "The likelihood test of independence in contingency 

tables,"   Ann. Math.  Stat.. vol.6,  pp. 190-196. 

4. Norton, H. W., [1945],    "Calculation of chi-square for complex contingency 

tables,"   Jour. Amer.  Stat. Assoc..   vol.  40, pp.  251-258. 

5. Woolf, Barnet [1955],    "On estimating the relation between blood group and 

disease,"   Ann, hum. Gen..   vol. 19, pp.  251-253. 

6. Roy, S. N.  and M. A. Kastenbaum,  [1956],    "On the hypothesis of no 

1 interaction'  in a multiway contingency table,"  Ann.  Math.  Stat..  vol.  27, 

pp.  749-757. 

7. Woolf, Barnet,  [1957],    "The log likelihood ratio test (The G-Test) . 

Methods and tables for tests of heterogeneity in contingency tables, " 

Ann. Hum. Gen..   vol.  21, pp.  397-409. 

8. Kastenbaum,  M. A,   and D. E.  Lamphiear [1959],    "Calculation of chi- 

square to test the , o three-factor interaction hypothesis, " Biometrics, 

vol. 15, pp.  107-115. 

9. Fisher, R. A. and E. A. Cornish [1960],    "The percentile points of the dis- 

tributions having known cumulants, n Technometrics,  vol.  2,  pp.  209-225. 

#636 -l9- 



10. Darroch, J, N. [1962], "Interactions in multi-factor contingency tables, " 

Tour. Roy. Stat. Soc..  Series B,    vol.  24, pp.  251-263. 

11. Plackett, R. L.  [1962],    "A note on interactions in contingency tables, " 

Jour. Roy. Stat. Soc.. Series B.   vol.  24, pp. 162-166. 

12. Kullback,  S., M. Kupperman, and H. H. Ku[1962],    "An application of in- 

formation theory to the analysis of contingency tables with a table of 2NlnN, 

N = 1(1)10.000. " Tour. Res. Nat'1. Bur.  Stds.  B.  vol.  66, pp.  217-243. 

13. Kullback, S., M. Kupperman, and H. H. Ku [1962], "Tests for contingency 

tables and Markov chains. " Technometrics. vol. 4, pp. 573-608. 

14. Goodman, Leo A. [1963],    "On Plackett' s test for contingency table inter- 

actions, "   Tour.  Roy.  Stat.  Soc.. Series B.    vol.  25, pp.  179-188. 

15. Goodman, Leo A. [1964], "Simple methods for analyzing three-factor inter- 

action in contingency tables, " Tour. Amer. Stat. Assoc. vol. 59, pp. 319- 

352. 

-20- #636 



Appendix 

Program HYPOINT 



PROGRAM HVP0IMT 
CüiV(0N/ALL/u3o(4üü) »IDENT ( 10 ) «IR »JS»<T »hJDEGREES ♦ INPÜT »OUTPl 
COy-MON/FLAGS/OPTlQNI 10) ♦LGC-FLAG 
TYDE INTEGER OPTION 
TYDE INTEGER OUTPUT 
INPUT=60 
OUTPUT=61 

10 CALL READIN 
IF (OPTIONd ).EQ.O) GO TO 2 0 
CALL <ASTEN5M 

20 IF(0PTI0N(2)+0PTI0N(3).FO.O) GO TO 30 
CALL DARROCH 

30 IF(0?TI0N(4).EQ.O) GC TO ^0 
CALL PLACKETT 

40 IF(OPTION!5).EQ.O) GO TO 50 
CALL G00CVAN1 

5 0 IF(0PTI0N(6 ) .FQ.O) GC TO 6 0 
CALL G000MAN2 

60 IF(OPTICN(7 ) .EQ.O) GO TO 70 
CALL TAüDYTAü 

70 IF(OPTION(B).EQ.O) GO TO 90 
CALL <KK 

80 IF(OPTION(9).EQ.O) GO TO 90 
L0GFLAG=1 
CALL IMT-VAl.S 

90 IF (CPTICN( 10) .ECO) GO Tn 100 
LOG^LAGsO 
CALL INTRVALS 

TOO GO TO 10 
END 
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SUBR 
CöKlivl 
DIME 
TYPE 
FORM 
FORi'i 
FORM 

* 1 
tOOj   FÜRM 

* 1 
2QOU   FOR^'I 

2000 
2ÜU1 
2002 

2005 
2006 

10 

?.0 

FORM 
FORM 
wRlT 
WRIT 
DELX 
ITER 
NRST 
DO 1 
cXP( 
CONT 
IR1 = 
JS1 = 
NX = I 
ITER 
NXZE 
ITER 
DO 6 
DO 5 
SUMC 
S'JVS 
DO 3 
<PAR 
IJöK; 

EXPI 
IRJK 
EXPR 
IRJS 
EXDR 
IJK = 
EXPI 
CIJK. 
CIJ< 
BIJ< 

OUTIN 
ON/AL 
NSION 
INTE 

AT ( 1H 
Ar(32 
AT{// 

AK// 
8HEXP 
Ar(/3 
AT (6X 
AT (2b 
E OUT 
E OUT 
= 1.0E 
STOP = 
= IR*J 
0 N = l 
N)=Od 
INUE 
IR-1 
JS-1 
R1*JS 
5 = 0 
RO = 0 
5=ITE 
0 1=1 
0 J = l 
= 0.0 
C = 0.0 
0 < = 1 
T = IR* 
= <PAR 
S< = EX 
= KPAR 
J< = EX 
< = <PA 
S< = EX 
KPAoT 
J< = EX 
= i.Ü/ 
= 1.0/ 
= £XPI 

£ K 
L/Ü 

EX 
GER 
1»1 
HÜI<s 

// ♦ 

CH 
/// 
ECT 
X.I 
♦ 3 ( 
HOI 
POT 
DJT 
-5 
100 
s*< 
♦ NR 
S(N 

ASTENBM 
oo(4üu)»IDENT(1Ü).IR»JS.<T,NDEGREES. INPUT»OUTPUT 
PU00)tBIJ(16) »CIJ(16) 
OUTPUT 

0A8) 
AbTENdAUh-LAMPHlEAK   PROCEDURE    ) 
12h   ITERATION      »ÖX♦IShDEGREES   OF   FREEDÜM»8X» 
I-i.UUARE»ibX»2h   R»dX«2H   C3»6X»2M    T) 
/♦dX»l3H     CELL    »6X»lÖHOBSERVEO FREQUENCY»SX« 
ED FREQUENCY /,1H ) 

4»lÖX,I5»lbX»F15.6»7X»3(8X»I2)) 
2X»I3)»8X.F15.6»11X »Fl?.^) 
TERATION COUNT EXCEEDS 13) 
TADE OUTPUT.2000»IDENT 
TAPE OJTPUT.2001 

T 
ST 

1*<T 

RS + 1 
» IR1 
»JSl 

»KT 
(Jo* 
T+IR 
P( I J 
T + IP 
P( IR 
RT + I 
P( IP 
+ IR* 
P( IJ 
EXPI 
CI JK 
SK*EXPRJ</EXPRS</EXPIJ< 

K-JS-l) 
^JS+I 
S< ) 

J<) 
P*JS+IP 
JSf ) 
J+I 
<) 
SK+l.Ü/EXPR J<4-1 ,w/EXPRSK + l.U/EXPI JX 
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30 

40 
50 
60 

70 

80 

2ü0 
300 

SUMC 
SüMö 

CIJ( 
DUI 

CONT 
Hl J = 

DO 4 
<PAR 
AIJK 
IFIX 
IRJS 
EXP( 
IJ< = 
EXP( 
IJo< 
EXP( 
IRJK 
EXP( 
CONT 
COMT 
CONT 
IF( I 
I F (iN 
CHIS 
00 1 
EXPN 
CHIS 
CONT 
rtRlT 
IJK = 
DO 8 
DO 8 
DO 6 
1 J< = 
wRlT 

CONT 
^RIT 

rtRlT 

oO T 
/< K I I 

END 

= SD'/C + 
C=SUMb 
<)=CI J 
K)=BIJ 
INOE 
bOMC/b 
0 < = 1» 
T = I P -M 
=CIJ(< 
IJK.LE 
<=<PA5 
IRJSK) 
<PART+ 
IJK)=E 
=<PART 
1 JS<) = 
=<PART 
IRJ<)= 
INuF 
INUE 
INUE 
TERS.G 
XZERU. 
Q = 0.0 
0 N = l ♦ 
=EXP(N 
0=CHIS 

INUE 
E UüTP 
0 
0 
0 
0 

CIJ< 
C+CIJ<*81J< 
K 

< 

uMöC 
<T 
JS*<-JS-1 ) 
)«(l.O-HlJ*DIJ(<)) 
.DcLX) NXZLRO=NXZERO+1 
T + IO*JS4-ID 

=EXP(IRJbK)-XIJ< 
IR*J+I 
XP(IJK)-XIJ< 
+IR*JS+I 
EXP(IJS<)+XIJ< 
+IR*J+IR 
EXP(IRJ<)+XlJ< 

E.ITcRSTOP) GO TO 200 
Lf.NX) GO Tu 2 0 

NR ST 
) 
Ü^(OdS(N)-EXPN)*(0BS(N)-EXPN)/EXPN 

JT TAPE OUTPUT.2003 

K=l»<T 
J=1»JS 
I = ^ » I R 

IJ< + 1 
£ OUTPoT TAPE OUTPUT.2005♦I»J♦<»03S(IJK ) »EXPI I JO 

INUE 
E OUTP 
E ÜUTP 
0 3 00 
E Gurpul TAPc Ou iPoT»20'J6» I TERSTÜP 

uT TAPE üUTPuT»20ü2 
UV TAPC 0uTPüT.2Üü4»ITERS»NüEGREES»CHlSJ»IR»JSt<T 
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SUBROUTINE    .ANROCH 
COMMON/ALL, U6SUÜu) t IütNT( 10) »I R »^S »KT »iNiDEGREES» I ,\PUT »OUTPUT 
COMMON/SUMS/OBSR(60)»UBSS(80 ) »GööTI 25)»OBSRS( 16 ) »ORSTR(^) ♦ 

* ORSST(^ } »O^SP.^T 
COMMON/FLAGis/OPTlON( 10) »LOGFLAG 
Uli'ltlNiblON   t:XP(4üO ) »THtTA(dO) »PHI 160) »PSI (25 ) 
TYPE   INTEGER   OPTION 
TYPE INTEGER OUTPUT 

2000 FORMAT I lril»iuAo) 
2001 FORMAT{lyriOOAKROCh PRoCEDURE ) 
20U^ FJRnAT(////»i2h ITERATION  »6X♦IdnUEGREEb OF FREEDOM,8X» 

* Ihh :riI-i)viuARE»i5X»2ri R»6X»2H S»öX»2H T) 
20U3 FURMATv//////.bX»13h     CELL    »6XtlÖHURSERVEÜ FREQUENCY»8X ♦ 

* 18HEXPECTED FREOUFNCY /«IH ) 
2 004 FORMAT(/3X,l4,iöX,I5,i5X»F15.6.7X.3(riX»I2 ) ) 
2 005 FORMAT(6X»3(2X»I3)»«X»F15»ö»llX,F15.6) 
2006 FORMAT(25HüIThRATION COUNT EXCEEDS 13) 

WRITE OUTPUT TAPE OUTPUT,2000»I DENT 
WRITE OUTPUI TAPE CL rpuT,20Ci 
ITERSTOP=100 
TOLERog=Ü«üoOU5*0.ÜÜÜÜ5 
CALL GETSUMS 

DO 140 I=1,IR 
OBSSTl=OBSST(I) 
DO 120 J=1,JS 
IJ=I+IR*(J-l) 
PSI(IJ)=0BST(IJ)/03SSTI 

120 CONTINUE 
DO 130 K=1,KT 
<I=K+KT*(1-1) 
PHI(KI)=0bSS(KI)/03SR6(<) 

130 CONTINUE 
140 CONTINUE 

ITERS=0 
200 ISTOP=l 

ITERS=ITERS+1 

210 

220 
230 

DO 230 < = 1 »KT 
DO 220 J=1»JS 
J< = J-t-JS*K-1 ) 
SUM I=0.0 
DO 210 1 = 1,IR 
<I=<+KT*(1-1) 
IJ=I+IR*(J-l) 
CUMI=SUMI+PHI(<I)*PSI( IJ) 
CONTINUE 
THETAJ< = OB5R( JO /CBSRST/SU'',I 
IF( (TMETAJ<-THLTA(JK) )**2.GE.TOL?RSO) I STOP = 0 
THETA(J< )=THETAJ< 
CONTINUE 
CONTINUE 
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?40 

?^0 
260 

C 

270 

280 
790 

295 

00 26 
DO 25 
<I =< + 
oOVJ = 
DO 24 
IJ=I + 
J< = J + 

COMTI 

IFI IP 
PHI (< 
CONT I 
CDNTI 

^»00 

0   I 
0 < 
<T* 
0.0 
0 J 
IR* 
JS* 
SUM 

NOE 
= ub 
HI< 
1 ) = 
Huz 
NUE 

= 1»IR 
= 1 »<T 

( 1-1 ) 

= 1 »JS 
( J-l ) 
(<-] ) 
J+PSI(IJ)*THFTA(JO 

I-Pnl(<1))*«2.o£.r0LERS0) 
PHKI 

ISTOP=0 

DO   290   J=1»JS 
DO   ^60   I=i »1R 
IJ=I + IR*(J-l ) 
S'jv< = 0,0 
DO   270   <=1»<T 
J< = J + JÖ*{ <--! ) 
<I=K + <T*{1-1 ) 
oUM< = bUivl< + Tr-iETA( J<.) »PHI UI) 
CONTINUE 
RSI IJ = 0DS1(IJ)/0oSRST/SUV/ 
IF((P6IIJ-Pol(IJ))**2.GE.TüLER5Q)    ISTOP=0 
P5I(IJ)=PSIIJ 
CONTINUE 
CONTINUE 
IF(ITERS.GE.ITERSTOP )   GO   TO   400 
IF(I5T0P.EO.0)    GO   TO   200 
IF (OPT IJI\(4 ) .E-.O )    GO   TO   2 93 
ARITE   OUTPUT   TAPE   Ou,TPUT»2O03 
CHISQ=0,0 
DO   300   <=1»<T 
DO   JOO   J=l»JO 

J< = J + JS^U-1 ) 
DO   300   1=1»IP 
IJ=I+IR*(J-l) 
<I=< + i<T*( I-i ) 
£XPIJ^=THETA(JN)^PHI(\I)*PSI(IJ)*0BSRST 
1 J<sH-iR*( J-1 + JO*(K-1 ) ) 
OBSIJ<-OSS(UK ) 
CHIoO-CHliüf (Oool Ji^-EAPI J^) W{^5S1J<-EAPIJ^)/EXPIJ< 

IF(0PTICNI4).EQ.C)   GO   TO   ^00 
WKITE   vjulPul    1APE   uuTPjT»2u>J5»I»J»i<.tOtJilJN.»EXPIJi<. 
CONTINOc 

ARITE OUTPuT 

>'< K I r c:   u J T P ^ T 
GO   TO   500 

IAPE   0JrpuT,^0U2 
TAPt   OuTPui»2ou^»IT£RS»NDi )REE3»CHIS0»IR»JS»<T 

400   /.KITE   OUTPuT    TAPE   uu THU T » 20Ü6 ♦ I T FKGTOP 
^no EN^ 
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CHI-SQUARE»17X» 

SUBROUTINE   PLACKETT 
CüMHOIM/ALL/UDö(^OJ) » IL>ENT( 1Ü) » I R »JS »<T »NDEGKEES 11 NPUT »OUTPUT 
DIHENblON   V(256) »»/IiNV(256) »^( 16) »2VINV(16) 
TYPE INTEGER OUTPuT 

2000 FORiVATdHl.lOAe ) 
20Ü1 FORMAT (20rtüPLACK.ETT PROCEDURE ) 
2002 KüR^iAT(/////lVrl DEGREcö OF FREEDOM »SXJI^H 

* lOrl SUM(L*L) »15Xt2H R»8X»2H S»aX»2h T) 
2 003 FORMAT(/6X»I 5»15X.F15.6»llX.F13.6»eX»3(8X»I2)) 
2004 FORMAT 13H0K>= 12) 
2005 FORMAT(/12H   CONTRASTS ) 
2006 FORMAT(/2 0ri   DISPERSION MATRIX ) 
2007 FORMAT(/////lln   Z-VcCTOR ) 
2008 FORMAT I/    11H   P-MATRIX ) 

ARITE OUTPUT TAPE OUTPUT,2000»I DENT 
«RITE OUTPUT TAPE OUTPUT,2001 
IR1=IR-1 
JS1=JS-1 
IR1JS1=IR1*JS1 
ZVINVZ=0.0 
DO 30 NAB=1,IR1JS1 
ZVINV{NA3)=0.0 
DO 30 NCD=l»IRiJSl 
NADNCD=NA5+IR1JS1*(NCD-1) 
VINV(NABNCD)=0,0 

30 CONTINUE 
DO 200 <=1,<T 
DO 40 NAP=1,IPIJS1 
2{NAB)=0.0 
DO 40 MCD=1»IPIJST 
NAbNCD=NAö+IRlJSl*INCD-1) 
V(NA3NCD)=0.0 

40 CONTINUE 
JO 170 J=1,JS 
DO 170 1=1,IR 
IJK=I + iR*( J-l + JS^U-1 ) ) 
OBSIJ<=03S(IJ<) 
03SL0G = L0GF(0B.SI J<) 
DO 160 NB=1»JS1 
SIGMA=1.0 
IF(J+Nö-JS-1) 60,50,170 

50 SlGKAs-FLOATFUS-No) 
60 DO 1^0 NA=],IR1 

RHO=1.0 
IF(I+NA-IP-1) 80,70,160 

70 RHO=-FLOATF(IP-NA) 
80 NAB=IK-NA+IR1*(JSl-Nb) 

Z ( NAB)=Z(NA3 )+RhO*SIGMA*05c.L^^ 
DO 140 ND=1»JS1 
OMEGA=1.0 
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100 

no 
120 

130 
1 40 
150 
160 
170 

IF(J+ND-JS-I)    ino.^Otisn 
LOATF ( J'-'in) 
C = 1 . I v 1 

180 

190 
7 00 

?10 

300 

OMEG 
DO 1 

TAü = 
IFl 1 
TAU = 
iNCD = 
NA8N 
v ( NA 

CQMT 
C^NT 
COM 
C^MT 

COM 
A R I T 
A R I T 
CALL 
ARIT 

CALL 
C A L k. 
DO i 
ZVIN 

ZCD = 
DO 1 
IAÖ = 
NAäN 
VAcJC 
IVIN 
VINV 
ZVIiM 
CONT 
c^ l>\ 
CONT 
CONT 
CALL 
CHI5 
DO 2 
ZVIN 
DO 2 
NAbN 
Cnlo 
COM 
/. R i r 
CALL 
ARIT 

CALL 
A R I T 
wKl T 

FND 

0   N 
.0 
NC- 
FLG 
R-'j 
J = N 
IMCD 

""I U -. 
NU- 
NU1' 
MUF 
NOr 

Oo 
Co 

mp 
Oo 

N/iP 
/.AT 
0 N 
CD = 
(NC 
0 N 
(MA 
D = \i 
= V( 
z=z 
iNAtä 
Cü = 
Nu£ 
( NC 
NOE 
NUF 
lvi A T 

= ZV 
0 N 
CD = 
0 N 
D = N 
= oH 
NO- 

Do 
NN'iP 

Go 
Nvp 

OU 
ou 

IR-i)    i20 tilü»140 
ATF( IR-NC ) 
C+IR1*(JS1-MD) 
A^+IR1J51*(NCD-!) 
) =v/1 NADNCD ) +Rno*oI G^A^T Aü*OiviHGA/OßS I J< 

Tpol    TAPF   OJI Pol»200A»< 
TPoI    TAPE   Oof PUT»2005 
i^ I IM T ( Z » I ,< U o i ♦ 1 ) 

TPUT TAPE 0UT?JT»2D06 
RlNT(v»IRiJol»IRlJoi) 
IH\/IV»II-<1JO1»V»'J»D»IR1JS1 ) 
C D = 1» I R1J SI 
Z V I N V ( N C D ) 
D) 
A6=l»IR1JS1 
5 ) 
Ad+IR1J51*(NCD-1) 
NAoNCD) 
VINV^+ZAö^VA5CD*ZCD 
NCD) =\/INV (NAaNCDj+VAoCD 
ZV I,MVCD-t-ZAo*VA6CD 

D) =^V IN'VCD 

I N V ( \/I N V ♦ I R 1 J - 1 » V ♦ 0 O ♦ I P 1 J S 1 ) 

IMVZ 
CD=1»IR1JS1 
ZVINV(NCD) 
A8=l»IP1JS1 
AD+IR1JS1*(NCD-1I 
Ibo-4\/ I.W (HAdi *VINV( NA3NC0 I^ZVINVCD 

[por TAPE DoTP^r»20D7 
R I N T ( Z v 1 N V » I R 1J S1 ♦ 1 ) 
TPJT TAPE 0üT?oT»2üO8 
PINT ( VINV» IR1 JSl ♦ IPi J'. 1 ) 
TPUT TAPE OUTPUT, 20-)? 
TPoT I APE Do T^UT »20U3»i\DEGR£Ei»CHIbw»ZVIi\VZtIRtJS»<T 
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SUBROUTINE 600DMAN1 
COMMON/ALL/OßS{40L.).IUENT(10)»IR»JSf<T.NDEGHEES»INPUT»OUTPUT 
DIMENSION V(256).VINV(256)»Z(16)»ZVINV(16) 
TYPE INTEGER OUTPUT 

2000 FORMATdrilf lOAö) 
2001 FORMAT(lyHOGüODMAN PROCEDURE ) 
2002 F0RMAT{/////19H OtGREtS OF FREEDOM »8X»14H    CHI-SQUARE»17X♦ 

♦ lOri SUM(H*M) »15X.2H R»8X»2H S»eX»2H T) 
2 003 FORMAT(/6X»I5»15X.F15.6»liX.F15.6»8X.3(8X»I2)) 
2004 F0RMAT(3H0K= 12) 
20Ü5 F0RMAT(/12H   CONTRASTS ) 
20U6 FORMAT (/2UH   DIoPERMuN MATRIX ) 
2007 F0RMAT(/////11H   G-VECTOR ) 
2 0Ü8 FORMAT(/    lin   J-MATRIX > 

-VRITE OUTPUT TAPE OUTPUT »2000 ♦ I DENT 
wRlTE OUTPUT TAPE ÜUrPuT»20ül 
IR1MR-1 
JS1=JS-1 
IRlJil=IRl*JSl 
ZVINVZ=0.0 
DO 30 NA6=1»IR1JS1 
ZVINV(NA8)=0,0 
DO 30 NCD=1»IR1JS1 
NABNCD = NAB+IR1JS1*(MCD-1 ) 
VlNV(MARMCD)=n.O 

30 CONTINUE 
DO 200 <=1»<T 
DO 40 NAB=1»I91JS1 
Z(NAB)=0.0 
DO 40 NCD=1»IR1JS1 
i\AB.\CD = NAb+IKlJSl*(NCD-l ) 
V(NABNCD)=O.Ü 

UO   CONTINUE 
DO 170 J=1»JS 
DO 170 I=1»IR 
I J<=I + IR*IJ-1 + JS«(,<-1) ) 
OBSIJK=05S(IJ* ) 
OBSLOG=LOGF{OBSlJK) 
DO 160 Ne=l»JSl 
SIGMA=-1.0 
IF(J.EQ.JS) GO TO 60 
IF(NB.NE.J) GO TO 160 
SIGMA=1.0 

60 DO 150 NA=1»IR1 
RHO=-1.0 
IF(I.EQ.IR) GO TO 80 
IF(NA.NE.I) GO TO 150 
RHO=1.0 

80 NAB=NA+IR1*(NB-1) 
Z(NAB)=Z(NÄb)+RHO*SIGMA*ÜBSLOG 
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DO ;u 140 ND=1»JS1 
0VFGA=-1.0 
IFIJ.EO.JS) GO TO 
IF(ND.NE.J) Go TO 
OMEGAsl.O 

100 

120 

130 
140 
1 50 
1 f 0 
170 

180 

190 
200 

210 

100 
140 

DO 130 NC = l»It?l 
TAu = -i «0 
IF(I.EO.IR) GO TO 120 
IFINC.NE.I) GO TO 130 
TAu=1.0 
NCD = NC + IRi*(ND-l ) 
NA6NCD = i\Ab-fIRlJS]»(NCO-l ) 
V ( NAbNCD ) =\/ ( NADNCD ) -i-Knu*Gl G^A*TAu*CMEGA/CBSIJ< 
CONTTNU- 
CONTINUE 
CONTINUE 
COMTTNUF 
CONTINUE 
..Kilt JuTpoT 
«RITE   OUTPUT 

OoTr'uT »^004 »fv 

O'JTPüT »2005 

300 

TAPE 
TAPE 

CALL   NMPRI.\TU»IR1JS1»1) 
ARITE   OUTPUT    IAPh   OUTPUT»2006 
CALL   NMPRIiNT I V » IR1J31»IR U^l ) 
CALL   i^iATINVlV» IRlJol »V.ü»ü»I R1J51 ) 
DO   190   NCD=1» IRUSl 
ZVINVCD=ZVINV(NCD) 
ZCD=ZINCD) 
DO   ] «0   MAR = ] ♦ TC>1JM 

ZAB=Z(NA3) 
NAoNCD=NAb+IRlJSl*(NCU-l) 
VABCD-V(NAuNCD) 
ZVlNVZ = ZVlNVZ+ZAD*VALiCD*ZCD 
VlNV(NAdNCD)=VlNV(NADNCD)+VAc?CD 
Z\/INVCÜ = ZV INVCU + ZAö*VMBCD 

CONTINUE 
ZVINV(NCD)=ZVINVCD 
CONTINUE 
CONTINUE 
CALL   i^iAT INV (vlNv/»IKi Jol» V»Ü»D» IRUSl) 
CHI50=ZVIMVZ 
DO   210   NrD=l»I!'l Jcl 
Z\/INVCD = ZVINV(NCD) 
DO   210   MAB=1 »IRi J-Sl 
iNlADf\CD = NAD+IKlJil*(,KL;-l ) 
CnicjusCriliü-ZVlNV ((MAD)*\/I^V(NAßNCü)*ZVINVCD 
CONlINoE 
rtRlTE   OUTPUT   TAPt   OJTPoT»2007 
CALL   NMPRIKT(ZVIi\V»IRlJbl»l ) 
WRITE   OoTPuT    TAPc   U^TPwT»2o06 
CALL   N^PRliST I \/Ii\iV» IRi JOI ♦ I K1J51 ) 
ARITE   OUTPUT    TAPE   OUTPUT,?n07 
rtkjTE   OUTPUT    TAPE   UU FPUT ♦ 2 00 3 ♦ \DF GKE-b »CH I ? ^ ♦ Z V J \\/Z ♦ T R ♦ J C ♦ KT 
END 
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SUBROUTINE GOODMAN2 
CüIVIIV.üN/ALL/üöSUOO) . IDENK 10) »IR .JS.<T ♦NDEGREES. INPUT »OUTPUT 
DIMENSION   P(256).0(256)»6(80)»C(16)»G(16)»PG(16) 
TYPE INTEGER OUTPUT 

2000 FORMAT(1H1»10A8) 
2ÜU1 rüRiViAT(2öHÜ^O0IFIcÜ GUODMAN PROCEDURE »////lh ) 
2002 FORMAT(/12H   CONTRASTS ) 
20Ü3 F0RMAT(/////19H DEGREES OF FREEDOM »8X»14H    CHI-SOUARE»15X»2H 

♦   8X»2H S,8X»2H T ) 
2004 FORMAT(/6X»I5»15X»F15.6»7X»3(6X»12)) 

WRITE OUTPUT TAPE OUTPUT»2Ü0o»IDENT 
WRITE OUTPUT TAPE OUTPUT»2001 
IR1=IR-1 
JS1=JS-1 
IR1IR1=IR1*IR1 
IR1JS1=IR1*JS1 
CHISQ=0.0 
DO 15 NAd=l»IRlJSl 
PG(NAB)=0.0 
DO 10 NCD=1»IR1JS1 
NABNCD=NAB+IR1JS1*(NCD-1) 
Q(NA3NCD)=0.0 

10 CONTINUE 
15 CONTINUE 

DO 200 K=1»KT 
DO 25 NAB=1»IR1JS1 
G(NAB)=0.0 
DO 20 NCD=1»IR1JS1 
NABNCD = NAB-t-IRlJSl»(NCD-l ) 
P(NABNCD)=0.0 

20 CONTINUE 
25 CONTINUE 

DO 35 11=1.IR1 
DO 30 I I I=1»IR1 
IIIII = III + IR1*(I 1-1 ) 
C( II III )=0.0 

30 CONTINUE 
35 CONTINUE 

DO   inn   J=1.JS 
J(< = IR*( J-1 + JS*(K-1 ) ) 
0BSJ<=0,n 
DO   70   I=1»IR 
IJK=I+JK 
üBSIJK = OöM UK) 
OBSLOG=LOGF(OBSIJ<) 
DO 60 NB=1.JS1 
SIGWA=-1.0 
IF(J.EQ.JS) GO T0 40 
IF(NB.NE.J) GO TO 60 
SIGMA=1.0 
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40 DO 50 NA=1»IRl 
Rh0=-1.0 
IF(I.EQ.IR) GO TO 43 
IFINA.NE.I) GO TO 50 
RHO=1.0 

45 i\AB=NA+IRi*(Nö-l) 
GINAD)=G(NMO)+RhO*SIGMA*OBSLOG 

50   CONTINUE 
60   CONTINUE 

035JK=OBSJK+OBSIJ< 
70   CONTINUE 

DO  90   I 1=1.IRl 
I IJ<=II+JK 
DO   80   II1=1»IRl 
I I I J< = III + JK 
I I II 1 = 1 I I-t-IRlX I 1-1 ) 
I I IIIJ=IIIII + IR1IR1*(J-l) 
oilil IU = -0DO( I lUO^Oböl I I Ul^ ) /03SJK 
IF( II .EQ.III )   til II I I J=B II II IJ+OäS( I I JO 
C( III I i )=C(I I I II)+3l IiIIJ 
b(IIIiIJ)=dl I I il J 

80 CONTINUE 
90 C0MTINUC 

TOO CONTINUE 
wRITE OUTPUT TAPE OUTPUT,?002 
CALL NMPRINT(G»IK1JS1»1) 
CALL MATlNVtC.lRl»C»0fD»IRl) 
DO 170 fMb=l»JSl 
DO 160 ND=1»JS1 
DO 150 NA=1»IR1 
NAb = NA+IRl-* I NB-1 ) 
DO 140 ,MC = 1»IR1 
NCD=NC+IR1*(ND-1) 
NABNCD = NAB+IR1JS1*(NCD-1 ) 
DO 120 II=1.IR1 
I INCND=II + IR1*(NC~1 + IR1*(ND-1) ) 
DO 110 111 = 1. IRl 
MAIIINe = NA+lRl*( I I I-1 + IR1MNB-1 ) ) 
IIIII = III + IR1*(I 1-1) 
P(NAoiNCD) =P{NABiMCD)-ri(NAl I I Ne ) *C ( II II I )»6 ( II NCND ) 

110 CONTINUE 
120 CONTINUE 

IFINB.NE.ND) GO TO 130 
NANCND=NA+IR1*(NC-1+IR1*(N0-1)) 
P(NABNCD)=P(NAdNCD)+f.(NAMCNn) 

130 ^(NABIMCD)=;
G(NABI\CD)HP(\ABNCD ) 

PG(NAB)=PGINAD)+P(NABNCO)*G{MCD ) 
140 CONTINUE 
150 C^MTIMUF 
160 CONTINUE 
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170 CONTINUE 
DO 190 NAB=1»IR1JS1 
DO 180 i\CD = i»IRlJSl 
NAßNCD=NAö+IRlJSl*(NCD-l) 
CHI SQ=Crl I 50+G ( NAB ) *P ( NABNCD ) *G I NCD ) 

180 CONTINUE 
190 CONTINUE 
200 CONTINUE 

CALL MATINV(Q.IR1JS1.Q»0.D»IP1JS1) 
DO 220.NAb=l»IRlJSl 
DO 210 NCD=1»IR1JS1 
NABNCD=NAö+IRlJSl*(NCD-i) 
CnlSQ=CHlSQ-PGlNAB)*QlNAÖNCD)*P6(NCD) 

210 CONTINUE 
220 CONTINUE 

ARITE OUTPUT TAPE OUTPuT»2003 
«RITE OUTPUT TAPE OUTPUT»2JÜ4»NDEGREEStCHISG»IR♦JS»<T 

300 END 
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oUBROuTliNiE   TWODYTWO 
CGMwON/ALL/ußi(4Üw) »I JENT ( lü )»I R tJS»K.T tNDEGREES» INPUT »OUTPUT 
DlhcNilOlN   j(16)»Vtl6)»6(16)»u(16)»5(16)»A(16)»D5TAR(16)»VSTAR(l6)» 

* GSTAR(16'»UCDTAR(16)»3STAR(]5)»ASTAR(16) 

TYPE   INTEGER   OUTPUT 
2000 rORiMAT( 1H1»10A6) 
2001 FORMAT (26H0GOODMA,M5   2X2XT   PROCEDURE   »////1H    ) 
2002 FQkMATOriO   ^»SXOn   Ü    »10X.3H   V    » 1 oX »3HX*X » 1 ^X ♦ 3H   B    »1UX»3H   A    »UX, 

* 3ri^*Z»10A»3H   G   »lOX.JH   J    ♦10X»3HY*Y    »/1H    ) 
2003 FüRiMAK I3»9F13.5) 
2004 FORMAT( I3 ♦ 3(2F 13.3»13X) ) 
2ÜÜ5 FuKhAT (/////ivn DLGRELS UF FKEtDui«! »11 X ♦ 3nX^X » 1 5X ♦ 3HZ*Z ♦ 1 3X . 3HY^Y ♦ 

* 15X,2H R»8X.2H o.8X,2H T»/lH ) 
2 006 FORMAT (6X,Ib.6X,3F18.3ÖX»3(8X»I2)) 
2007 FORMAT(3X,3(26X,F13.5)) 

/-RITE OuTPoT TAPE Jo FPu T » 2000 » I DENT 
«RITE OUTPUT TAPE OUTPUT,2001 
IF ( IR.NE.2) GO TJ 100 
IF(JS.NE.2) GO TO 100 
ARITE OUTPUT TAPE OUTPUT,2002 
5UMl = 3UM2=S0M3iSuM4 = 5UM5 = SUM6 = 5UM7 = SUM8 = SUiV9 = C.G 
DO 20 K=1»KT 
KPART=IR*US^(<-1) 
03SllK = OBS(1+KPART ) 
Oö521<=03S(2+<?ART) 
OD512< = OBS( 3-KPART ) 
üBS22K = OB6{4 + <PART ) 
0<=OBSll<*OoS?2</OB5l2</OBS21K 
UK=1•0/OBSllK+i,0/06522<+1.0/OBS12<+1.0/OBS21< 
VK=D<*DK*U< 
A'<=1.0/V< 
G<=LnGF(D<) 
P<=1,0/U< 
ßK=l,0/D< 
A< = B<*B<*Ui< 
HK=1,0/AK 
i>oMi =C»uM l+DiCÄ-DK^rtK, 
6UM2 = Su M 2+0 <*W K 
SUM3 = Süyi3 + Ä< 
5UM4=SoM4+GK*GK*PK 
SUM5 = SUV|5 + G<*P< 
SUM(S = SUV6 + P< 
C)UM7 = SOM7 + ß<*ßK*H< 
SUM8=SUM8+B<*H< 
SUM9=SUM9+H< 
DSTARU )=SUM2/SUM3 
VSTAR(K )=1,Ü/SUV|3 
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GSTAR(K)=SUM5/SUM6 
USTAR(<)=1.0/SÜMft 
BSTAR{K)=SUM8/SUM9 
ASTAR(K)=1.0/SUM9 
0(K)=DK 
VIK)=V< 
G(K)=GK 
U(<)=UK 
BIK)=BK 
A(K)=AK 

20  CONTINUE 
SUMXSQ=SUMYSQsSUMZSQ=0,0 
<Tl=KT-l 
DO   30   K=1»KT1 
XSQK=(DIK+1)-DSTAR(K))*(D(K+1)-DSTAR(<))/(V(<+l)+VSTAR(<)) 
YSQ<=(G(K+1)-GSTAR(<))*(G(<+1)-GSTAR(<))/(U(<+l)+USTAR(<)) 
ZSQ<.= (ß(K + l )-BSTARlK) )*(B(K+i)-ßSTAR(<) )/(A(K + l I+ASTARIK.) ) 
«RITE   OUTPUT   TAPE   OUTPUT»20Ü3»<»D ( K)»V IK),XSJK»B(K ) ♦ A(K),2SQK» 

* GU) »UCK) »YbUK 
SUMXSQ=SUMXSQ+XSQ< 
5UMYbQ = SU|V|YiQ + YSQ< 
6üMZSQ = SUiM2SQ + 2bCi< 

30   CONTINUE 
WHITE OUTPuT TAPE ÜUTPuT .2004»K.T ,D( <T ) ♦ V ( KT ) .R ( KT ) »A (<T ) ,G ( <T ) , 

* U(KT ) 
«RITE   OUTPUT   TAPE   OUTPUT#2007»SUMXSUfSUMZSG»SUMYSQ 
XXSO = SUMl-SUM2*SUy2/SUlM3 
YYS0 = SUM4-SUM5*SUV15/SuM6 
ZZSQ=i>UM7-SuM8*SuM8/3UM9 
WRITE   OUTPUT   TAPE   OUTPUT»2005 
ARITE   OUTPUT   TAPE   OUTPUT»2006»NDEGREEötXXSQ»Z2SQ»YYSO.IR»JS»KT 

100   END 
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SUBROUTINE KKK 
CQMMüN/ALL/üBilAÜü)♦IDENT(lü)»IR.JS»<T,NDEGKEES»INPUT»OUTPUT 
COMMON/SUMS/O3SR(80)»OBSS(80)»OBST(25)»OBSRS(]6)»OPSTR(51» 

* OBSST(S ) »OBSRST 
TYPE INTEGER OUTPUT 

2000 FORMAT!1H1»10A8) 
2001 FORMAT!39H0<ULLBAC<» KUPPERMAN» AND <U PROCEDURE ) 
2üü^ FÜRMAT(/////19H DLCJRLCS OK FRtcDOM » i 1 X ♦ 3h2* I ♦ 1 7X «2H R»8X»2ri S,8X» 

* 2H T ) 
2 003 FORMAT(/6X»I3»6X»Fl8,5»7X»3(8X»1 2 ) ) 

WRITE OUTPUT TAPE OUTPUT^OOOMDENT 

WRITE OUTPUT TAPE OUTPUT,200l 
CALL GETSUMS 
TWOI=0.n 
DO 140 <=1»KT 
0BSRS<=OBSRS(K) 
DO 130 J=1»US 
OBSTRJ=OBSTR(J) 
UK=J+US*IK-l) 
0BSRJK=03SR(U^) 
DO 120 I=1»IR 
OBSSTI=OBSST(I) 
IU=I+IR*(J-l) 
ÜBSTIJ=OBST(IJ) 
KI=< + KT*I 1-1) 
OBSS<I=OBSS(KI) 
IJK=I-HR*(U-1 + JS*(<-1) ) 
OBSIJ<=nBS(IJK) 
TW01 =TWOI+OBSI JK*LOGF(0BSIJK*0BSSTI*0BSTRj*0BSR5</0B5RST/OB.STIj/ 

* OBSSKI/OBSRUK) 
120 CONTINUE 
130 CONTINUE 
140 CONTINUE 

TWOI=2.0*TAüI 
rtRlTE   OUTPUT   TAPE   OUTPUT,2Ü02 
wRlTE   OuTPUT   TAPE   OüTPuT♦2003»NDEGREES.TwOI♦IR»US»KT 

400   END 
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SUBROUTINE INTRVALS 
COMMON/BCD/IBVECTOR(2Ü)»JCVECTOR(2^).KDVECTOR(2o) 
CüMMON/ALL/OBS(40o).IüENT(10)»IR»JS.KT»NDEGREES»INPUT»OUTPUT 
C0MMON/FLAGb/OPTI0N(10)»LOGFLAG 
DIMENSION 0(6)»CHIT(2)»CHI1(2)»PHIW(2)»P(2) 
TYPE    INTEGER   OUTPUT 
TYPE    INTEGER   OPTION 
DATA(P=0.95»0,99) 

2000   FORMAT(IH1.10A8 ) 
2ÜÜ1   FORMAT(61H0INTERACTIOW   ESTIMATES   AND   CONFIDENCE   INTERVALS   IN   LOG   U 

*NITS    ) 
20Ü2   F0RMAT(63H0INTtRACTl0N   ESTIMATES   AND   CONFIDENCE   INTERVALS   IN   BASIC 

* UNITS ) 
2003- FORMAT (//// 44H B C D   ) 
2 004 F0RMAT(/9X.I2.l4X.I2.i^X.I2) 
2005   FORMA M////    34h P Chi ( T = I 5 »43H ) 

* CHI ( 1 ) PHI (I* = I5»1H) »/1H    ) 
2 006   FOK^-I(9X»F4,2»3(9X»Fi3.4)) 
2007 FORhAK/////106H0 I  B  J  C  <  D       P        ESTIMATE       ^ 

STANDARD ...LIMITS... /»^Oy.^TH 
»ERROR CHKT) CHK!) 
* PHI(W) /»1H ) 

2 008 FORMAT(6I3»F9.2»2E15.^»4X.3(4X»2£10,2)) 
2009   f-0RMAT(/////lü6riU   I      B     J      C      K      D P ESTIMATE 

* ...LIMITS...    /»TpX^^HC 
*rll (T)                                                    CHI ( 1 ) PHI (W)    /»1H    ) 

2 010   FORMAT(6I3.F9.2.E15.3»15X?4X,3(4X»2E10.2)) 
WRITE OUTPUT TAPE OUTPUT»2OOü»I DENT 
IF(LOGFLAG.EQ.O) GO TO 5 
WRITE OUTPUT TAPE OUTPUT»200l 
GC TO 10 

5 .VRITE OUTPUT TAPE OUTPUT,2002 
10 ARITE OUTPUT TAPE OUTPUT.2003 

NW = 0 
NBCDaO 
DO 15 1=1.20 
IB=IBVECTOR(1) 
IF(IB.EQ.O) CO TO 15 
JC=JCVECTOR(I) 
<D=<DVECTOR(I) 
NBCD=N3CD+1 
Nw=NW+(IB-1)*(JC-1)*(<D-1 ) 
WRITE OUTPUT TAPE OUTPUT♦2004♦I 3♦JC»<D 

15 CONTINUE 
«RITE OUTPUT TAPE OUTPuT»2u05»NDEGREES.NW 
W = FLOATF(Nw ) 
T=FLOATF(NDEGRE£S) 
DC   20   L=1.2 
Pl. = P(l.) 
CHITL = CHI (T.PL ) 
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30 

CHI1L = CHI ( 1.0.PL) 
PHIWL=PHI(^fPL) 
WRITE   OUTPoT   TAPE   OUTPUT.2006»PL»CHITL»CHI1L»PHIWL 
CHIT (L)=CHITL 

CHI 1(L)=CHIiL 
PHIw(L ) =PHlwL 

20   CONT INUE 
IF(LOGFLAG,EQ.O)    GO   TO   25 
•VRITE   OUTPUT   TAPE   OUTPUT,2007 
GO   TO   3 0 
ARITE   OUTPUT   TAPE   OUTPUT,2009 
DO   100   N=1.NBCD 
<D=KOVECTOR(M) 
^D1=<D-1 
JC=JCVECTOR(N) 
JC1=JC-1 
Ib=IBVECTOR(N) 
Ibl=lD-l 
DO   70   <=1,<D1 
DO   60   J=l,JCi 
UO   30   I=1»IB1 
IJ<=I + IR*(J-1 + U3* U-l) ) 
OBSI JK=ORS( UK ) 
IDJC< = I8^IF?*(JC-1+JS*(<-1)) 

OR^ec<=oR.<! lejCK) 
IBj<=IB + n*( J-1+J5*U-1 ) ) 
0BSBJ<=0BS(IDJ<) 
I JCt^I + IRM JC-1+JS-M <-l ) ) 
üOCIC<=üBO(IJC<) 
IJku=I+lR*(J-l^Jo^(<0-l)) 
06SIJD=035I IJ<L>) 
IBJC<D=lD-t-lR*(JC-i + JG*(<D-l) ) 
OBSdCD = 0üS(IBJCKD ) 
IbJKD=IB+IR^(J-1+JS*(<D-1)) 
0BS3JD=0BS(IBJKO) 
IJCKD=I+IR*(JC-1+JS*(KD-1)) 
0BSICü=üB5(IJC<D) 
MIBJCNL) = LOGF(OBOI J<*0DSBO*UBS.DJD*0BbICD/CeS3J</0BSIC</C3S I JO/ 

t ORSBrn) 
ulDJCi(vsl»0/0DolJi,s+l»u/JöODCi<.+l.o/üb3IC<+l»i-'/03SBJ< 
^iDJCJ^l.U/OüoiUJ + i.O/UBSüCDt-l.u/ODSICj+l.^/OBSBJD 
GIbJC<D=SaRTF(UIBjC<+UI3JCD) 
DO   45   L = l .2 
PL = P(L ) 
w{l)=AlDJC\u'-olciJC^D*ChlT(L) 
0(2)=2.0*AIDJC<D-0( 1 ) 
Q(3)=AIBJCKD-SieJC<D*CHIl(L) 
0(4)=2.0*AIBjCKD-0(? ) 
0(5)=AIBJCKD-oI3JC<D^PHlW(L) 
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35 

40 

45 
50 
60 
70 

100 

Q(6)=2.0*-AIdJCKD-Q( 5 ) 
IF(LOGFLAG.ta.O) GO TO 35 
rtKlTE OuTPuT TAPE OoTPoT »2008 »I »IB »J »JC •< »^D »PL »AIBJCKD » S I 6JC<r) tQ 

GO TO 45 
AIBJCKD=EXPF(AIÖJCKD) 
i^O 40 M=l »6 
|J(M)=EXPF(Q(M) ) 
CONTINUE 
WKITE OUTPUT TAPE OUTPUT»201C»I»IB»J»JC»K»<D»PL»AIBJC<D»O 
CONTINUE 
CONTINUE 
CONTiNUF 
CONTINUE 
CONTINUE 
END 
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1000 
1001 
1002 

U00 

bUÖräOUTlNE   READIN 
CüMi'i0i\/ALL/Üßi)(40o) . IDENK 10 ) » I R »JS »KT ♦ NDFGREFS » INPUT» OUTPUT 
COMMON/öCD/löV£CTOR(20).JCVECTOR(2G ) »KDVECTOR(20 ) 
COy,^ON/FLAG^/OPTlON( 10) »LOGFLAG 
TYPE   INTEGER   OPTION 
TYPE   INTEGER   OUTPUT 
DIMENSION   INMATdO) 
FORMAT!10A8) 
FORMAT(2UI4) 
FORMAT(1011) 
REAJ   INPUT   TAPE    INPUT♦1000»I DENT 
IF(IDENT(l)•EQ.öHTHAToALL)   GO   TO   400 
KCMU   INPuT   TAfJc   INPwT»lOw2»OPTlON 

INPUT »1001 »IR»JS»i<,T 
INPUT»1000»INMAT 

READ INPUT TAPE 
REAO INPuT TAPE 
NRST = IR^Jo-»--<T 
READ INPUT TAPc 
READ INPUT TAPE 
RcAu iNPuT TAPc 
READ INPoT TAPE 
NDEGREES=( IR-1 )M JS-D^UT 

RFTUPN 
STOP 
END 

INPUT»INMAT»(ODS(N)»N=1»NRST) 
INPUTtlOOl»IBVFCTQR 
INPUT»1001»JCVECTOR 
INPUT»10ul»KDVECTOR 

1) 
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SUBROUTINE GETSUMS 
CONDON/ALL/UßoUOo) » I DENT ( 1Ü) ♦ I R . JS »iCT »NOEGREES» I NPUT »OUTPUT 
COMNöN/SuMo/OBSR(8Ü)»üBSö(80).OBST(25)»OBSRSI 16)»OBSTRI5 ) » 

♦   OBSST(5)»OBSRST 
OB5RST=0.0 
DO 30 <=1.KT 
OSSRSi< = 0.0 
DO 20 J=1.JS 
OBSRJ<=0,0 
DO 10 1 = 1.IR 
I J<=I-HR*( J-l + Ji)M<-l) ) 
ÜBSI J<=ÜBSI I JO 
OBSRJK=OBSRJ<+OBSIJ< 
OBSRS<=OBSRSK+OBSIJK 
OBSRST sQBSRST+OBS UK 

10 CONTINUE 
J< = J+JSM<-1 ) 
OBSR(JK)=OBSRJK 

20 CONTINUE 
ODSRS(<)=OBSRSK 

30 CONTINUE 

DO 60 J=1.JS 
OBSTRJ=0,0 
DO 50 I=1»IR 
OBSTIJ=0,0 
DO 40 K=1»KT 
IJK=I+IR*(J-1+JS*(<-1)) 
OBSIJK=03S(IJ<) 
OBSTlJ=OBSTIJ-»-ObSIJ< 
OBSTRJ=OBSTRJ+CBSIJ< 

40 CONTINUE 
1J=I+IR*(J-l) 
OB5TIIJ)=0B5TIJ 

50 CONTINUE 
OBSTR(J)=03STRJ 

60 CONTINUE 

DO 90 1 = 1.IR 
08SSTI=n.O 
DO 80 <=1.KT 
OBSSKI=0.0 
DO 70 J=l.JS 
IJK=I+IR*IJ-1+JS*(^-1)) 
OBSIJK=05SI UK ) 
OBSSK1=OBSSKI+OBSIJ< 
0BSSTI=08SSTI+03SIJK 

70 CONTINUE 
<I=K+KT#I1-1) 
OBSSIKI)=0BSSKI 

80 CONTINUE 
OBSST(I)=OBSSTI 

90 CONTINUE 
END 
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oüBROUTlNE NIVPRINTIX»,N».V) 
COM^UN/ALL/ODO(4üü)tlüENT(1Ü)»IRtJSt<T»NDEGREES»INPUTIOUTPUT 
OIMENblON X (256) »XNOR.'i(25ö ) 
TYPE INTEGER OJTPUT 

2000 FORMAT(/9X»32riALL NU^oERS HAVE BEEN DIVIDED OY E11.1/»1H ) 
2001 F0RMAT(8X.16F7.3) 

XMAX = X(1 ) 
DO 10 K=2»NM 
IF(X,viAX*XMAX,GT,X(<)*X{<) ) GO TO 10 
XMAX=X(K) 

10 COMTTNU- 
XMAX=AbSFIXMAX) 
XyiAXLOG = LOGF (XMAX )/2.302 5850930 
yiAXL0G = XMAXL0G 
1F(XMAX,LT.1.0) MAXL0G=MAXL0G-1 
XMAX=10.0**KAXLOG 
DO 20 K=1»NM 
XNORM(K)=X(<)/XMAX 

20 CONTINUE 
«RITE OUTPUT TAPE OUTPUT»2000»XMAX 
DO 30 1=]»M 
J2=N*I 
J1=U2-N+1 
ARITE OUTPUT TAPE OUTPJT»2001»(XNORM(U).U = U1»J2 ) 

30 CONTINUE 
END 
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FUNCTION PHKW.PL) 
AREA=1.0+(PL-1.0)/2.0/w 
TEST=0. 
EP = .00000Ü1 
IF(AREA-.5)3.4.5 

4 XORD=0. 
GOT016 

3 AREA1=1,-AREA 
C = -1. 
GOTO? 

«; ARFA1=ARPA 
C = 1, 

7 X = (AREA1 - .5) * 2.5 
8 DIV = 1. + .3275911 * X 

E = 1.0/ DIV 
6 =  ((((.940646070»E)-1.287822453)*E+1.2596?5130)*E-.252128668)*E 

X+.225836846 
cD = ((((( 4.70323035     * E ) - 5.151289812     )*E + 

X3.77908539  ) * E - .504257336     ) * E + .22583o846 ) * E 
AA = EXPF (   X *»2 ) * .88622692 
FX = (AREA1 - 1. ) * AA * DIV * 2. + S 
FXP = - SO » .3275911     - S * 2. * X 
XNEW = X - FX / FXP 
IF(ABSF (XNEW-X)   -EP ) 6» 6» 14 

14 TEST=TEST+1. 
IF(TEST-40.)15»6»6 

15 X a XNEW 
GO TO 8 

6 XORD = C » XNEW * 1.414213562 
16 PHI=XORD 

END 
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«fc: 

10 

20 

30 

FÜNC 

DIME 
OAJA 

* -u, 
* 6.6 
* -0. 
L = l 
IF(P 
Ir(T 
IT = T 
CHI = 
GO T 
TRT = 
CHI = 
DO 2 
CHI = 
CCNT 
CHI = 
CHI* 
END 

TION CHI(T,PL) 
NSION X I13»2 ) 

L.GT.0.97e:. ) L = 2 
.GT.5.5) GO TO 10 

X( IT»L) 
o 3n 
SORTF(T) 
XI 13»L) 
0 K=l»7 
CHI/TRT+X(13-^»L) 
INuE 
T*CHI 
SQRTF(ChI) 
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TARIF    1      -   DAT*   FPHM   KASTFNAADM   AND   LAMPHIEAP    (105 0)   -   2   X   ^   X   ^ 

KASTFNBAUM-I ÄMPHIFAR   PROCFOUPF 

r,Fii 

1 1 
7 1 
1 7 
7 7 
1 -> 

7 -\ 
1 1 7 
? 1 7 
1 7 7 
7 7 7 
1 'S 7 
7 7 7 
\ 1 ■* 

7 1 1 
1 7 1 
? 7 1 
1 S * 
7 1 ^ 
1 1 4 
? 1 4 
1 7 4 
7 •> 4 
1 ^ 4 
7 r 4 
1 1 S 
? 1 s 
1 7 s 
? 7 «5 
1 ^ S 
? ^ R 

PRSFRVFO   FRFOUFNCY 

c>fl.000000 
7S.OOOnoo 
11,000000 
19.000000 
s.nooooo 
7.000000 

40.000000 
SR.ooonoo 
14.000000 
17.000000 
10.000000 
^.00^000 

^^.nooooo 
4S.oooooo 
1R.^00000 
?7.OOOOOO 
is.nnoooo 
10.000000 
15.000000 
30.000000 
n.oooooo 
??.oooooo 
1^.000000 
1«.oooooo 
4.000000 
5.000000 

17.000000 
15.000000 
17.000000 

R.OOOOOO 

FXPFCTFO   FRFOMFNCY 

54,995074 
78.004076 
l?.3Rn41 
17.61P657 
6.6736^7 
5.37636P 

4R.379034 
58.620066 
I3.99l5n 
]7.0084R7 
10.629453 
7.370547 

34.177160 
43.872R40 
17.46076^ 
77.510740 
14.403^8^ 
10.596420 
17. 13208? 
36.867913 
11.07960R 
?3.02039? 
14.78filll 
1R.2116R9 
4.366700 
4.63^300 

13.078777 
13.0M773 
15.555073 
9.444Q77 

TTFRATTON 

76 

OFRRFFS   OF   FRFFOOM CHI-^QIJARr 

3, 15804^ 
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;AR|F2       -   MTA   FP'IM   <Ä<;TFNRÄ }M   AMP   lAMpHlFAR    (1950)    -    2   X   3   X   S 

PI Af.KFTT    ORnr.FniJRF 

K=   1 

roNTPA«;!^ 

All     \niMRFPS   HAVF   BFFM   nlVTOPO   RY i.n-rni 

p.^o1» -i .^n^, 

DTSPrPSTPN   MATRIX 

All     NtlMSFRS   HAVF    RFFM   nTVIHFn   PY l .n + ^on 

0.174   -n.i11 
-0.1M       1.54A 

K=   ? 

f INTRANT«; 

A| I     NUviRFPS   HAVF   RFFM   riTVIDFO   RY 1.0-^01 

O.PSS   -«.OQI 

nTSPFRSlPM   MATRIX 

All     MUMP.rpc;   HAVF   R^fv   TIVTOFn   RY 1 .n + r.nn 

0, 1 SR   -0. "9 ■< 
-n.ooi     l.OiSR 

r^JTRAST«; 

All    \Ujvn-^S   HÄVF   RFF*.'    MVIOFU   PV | .p + ^'-'n 

-n. i "^ -i .i?-> 

nTSPFPSinNI   MATRIX 

ALI     NIJMPPRS   HAVF    RFFN   ;)IVinFn   RY l.G-^ni 

l.s-^s   -n,/+RR 
-0.4^5     R.?n? 
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TABLE 2 (Continued) 

K=   4 

rnNTPA^T«; 

ALI    NIIMRFRS   HAVF   RFFN   niVIOFO   BY 1.0*000 

-0.4?g   -1.I 17 

niSPFRSTON   MATRIX 

All     NIIMRFPS   HAVF    BFFN   "»IVIOpn   BY l.^-^Ol 

P.147   -0.^01 
-0.301       T.O^S 

K=   S 

rONTRASTS 

All    MJWRFPS   HAVF   RFFN   OIVIOFO   RY l.O+OOO 

0.000   -1.954 

niSPFRSIOM   MATRIX 

All     NUMRFRS   HAVF    RFFN   niVIOFO   RY l.O+^OO 

O.iSno      0.300 
0.300       I.335 

7-VFr.Tnp 

All  MUMRFRS HAVF RFFN OIVIOFO RY    l.O+OOO 

-I .?4R -S.760 

F-MATRIX 

ALI     NUMRFRS   HAVF   RFFN   OIVIDFO   RY 1.0-001 

0.316   -O.ORR 
-O.ORfl       1.951 

OFGRFF«;   OF   PRFFDOM CHl-SOUARF                                                  SUM(L*Ll 

R 3.1776M                                                  9.533446 

R S            T 

2 3             5 
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TARIF   3      -   nAT4   TROM   KÄSTFNRMJM   ANH   LAMPHIFAR    (1QSO) 

RonDMAN  pRnrpniiPF 

K=   1 

rONTRA^TS 

-   ?   X   '1   X   ^ 

All     NJUMf^R«;   HÄVF   RFFM   niviOFO   RY 

0.7^4   -?.101 

DTSPFRSTn^   MftTRTX 

ALI     NÜMRFRS   HAVF   RFFfg   OIVIDFO   RY 

3.^7^      4.^4 

1.0-001 

1.0-001 

K=   7 

r.PNTRA<;T<; 

Al I     MIIMRFRS   HIVE   RFFN!   OIVinEO   RY 

-^.OIR   -4.171 

OTSPFRSIONI   MATRIX 

1.0-^01 

Al I     MUMRFRS   HAVF   RFFN   OIVTDFn   RY 

7,^7h     ?.?S0 
7.^0      3.^S3 

l,o-ooi 

K=   1 

COMTRASTS 

Al I     MIMRFPS   HAVF   RFFN   OTVIOFO   RY 

-7.1 S6   -6.0M 

1.0-001 

OTSP» W^IHM   MATRIX 

MI     fJIIMHfP^   HAVF   RFFN   OIVIOFO   RY 

7 mM7      1.6^7 
\ »hhl     ?.*77 

i.o-oni 
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TABLE 3 (Continued) 
K=  4 

rnNTBAST«; 

All     WJMRcps   HAVF   REFN   TIVinFD   RY 1.0-001 

OTSPFPSTON   MATRIX 

All     NIJMRFRS   HAVF   RFFN   TIVIOFT   RY 1.0-001 

1.???       7.44f, 

K=   S 

CnNTRASTS 

All     NIIMRPR<;   HAVF   RFFN   OIVIOFO   RY 1.0-001 

-Q.7(S9   -q.7(S9 

nrsPFRSinN MATRIX 

AIL NUMRFRS HAVF RFFN OIVTOFD RY    1.0-001 

6 . V4 R  1 . R ^ R 

G-VFCTHR 

AM    NIJMRPRS   HAVF   RFFN   OIVIDFO   RY l.O^OQO 

-7.00R   -4.^11 

O-MATRIX 

AM     NMMRFP«;   HAVF   RFFN   OTVIOEO   RY 1.0-0^? 

S.4^6      3.RR6 
3.RRA      ft.^09 

OFGRFFS HF F^FFODM CHI-SOUAHF                    <;ijM(H*H> 

R ?.127641                    9.5^446 

R S      T 

2 3      5 
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,... 

TARIF   4      -   HATA   FROM   NflRTON'   (19AS)   -    ?   X   ?    X    12 

GnnnMAMS  ?X7XT pRnrFouRF 

D x«x 

1 0.0^4^ O.OOOPA 0.79711 IR.O^Q?? flfl.5«704 
7 n.niftift 0.00041 0.0??3P 27.65714 ?4?.3^946 
^ 0.04717 O.OOOAf. 0.^129Q 2l.2?l05 1^3.P7?Sl 
4 0.0670P 0.00136 0.96746 16.10714 01,40393 
S n.n771S o.ooopo 0.00713 ■^6.8333^ 375.rfrn06 
f> 0.0^947 0.00045 0.03231 26.^3333 184.97^4 
7 o.n^<n 0.00040 0.95RR7 2^.4736« ^00.12^3P 
R o.n7^s^ 0.00131 O.O^RQ? 13.600OO 44,P573^ 
9 ^.^704^ 0.00101 0.141 9«) 14.1Q444 40.P777O 

1 0 n.ni^i6 0.00035 1.69991 30.160O0 7RS.S960Q 
1 1 n.oiRii 0.000?? ?.l«?ftO 64.675no IO40.RQ453 
\? 0.01 iSSS 0.00013 

7.4515fl 
60.416^7 169S.4A771 

1*7 Y*V 

0.77949 -7.P9255 0, ,?7^73 "».30999 
o.onip6 -^.31088 o. .31^P8 n.00777 

0.16383 -3.0549P o. .70777 T.19R75 
0.76060 -?.77976 o. .3^?^1 r».99,:;Q9 
0.1^675 -?..S0^40 0. . ?7^ 0,02324 
0.71198 -3.23212 0, .?PR22 0,12904 
1.00329 -3.38350 0, ,34549 1.16016 
o.42970 -7.61007 0. ,2^252 0.82690 
0.51606 -2.657P5 o. ,20338 0.4103? 
0.67876 -3.40652 0. ,313^7 1,29140 
1.03793 -4.00049 0, .6r-046 ?,02544 

-4.10127 0, ,46448 
5.18475 7,37399 

PF FRFFOnw X«X 1*1 

1 1 7. .451SR 5.18475 

o S T 

7 ? 12 

Y*Y 

7.373P9 
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TARIF    5     -   DATA   PROM   KASTFNRAIIM   AND   LAMPHIFAR    (IPSQ)   -   2   X   3   X   S 

TNTFRAfTrnN   F<;TTMATFS   ANO   r.ONFTDFNCF    TMTFRVAL S   IN   LOG   UNITS 

R 

7 

r. 

O.PQ 

rHi(T= R) 

4.AHIQ 

rmm 

1.959fl 
?.S7^R 

f  R J r K 0 p FSTIMATF STANOARO 
cpROR 

1  ? 3 1 5 n.9s i.ns^^oor) 1.0^4+000 
1 ? 3 1 S o.qq i.05ft<-oon l.Tn4f0O0 
1  7 7 3 1 s n.o«s 7.66^-001 q.os7-ooi 
1  7 7 3 1 5 O.QQ 7.MSR-noi Q.157-001 
»  ? 3 ? 5 0.P5 5.851-001 q.468-001 
}      7 i 7 S o.qq S.RSl-noi P.468-001 
I  7 7 3 7 ■5 n.qs 5.50^-001 «.301-001 
1  7 7 3 7 5 n.qq ^.sq^-ooi R.301-001 
1  7 3 ^ S o.os 7.613-001 q.736-001 
1  7 3 3 S o.qq 7.61^-oni q.736-0ni 

1  7 ^ ^ s n.qs 3.703-001 7.756-001 
1  7 7 3 3 s n.qq 3.7^8-001 7.7^6-001 
1  7 ? 4 s O.oc; 7.037-0^1 q.?ii-Q^i 
1  7 3 4 s o.qq 7.037-001 q.2i i-o^i 
1  7 7 3 4 s o.os 6.331-001 7.605-011 
1  7 7 1 A s o.qq 6.3M-001 7.60«5-OOl 
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TABLE 5 (Continued) 

PHHW= A) 

2.7344 
1.?272 

CHI(T) 

-2.90+000 lli.Ol+OCO 
-1.44+000 c;.c;t;+r'lOtl 
-?.80+()00 4.~3+~f'fl 

-3.:?9+0"0 4.A'l+0~1 

-l.14+1'on ,,. • ~ 1 +COil 
-3.66+!)~0 4.A'l+00'1 
- .?. 71 ·~('0 3.83+00" 
-':\.l6+1)t'0 4.28+000 
-3.3A+onn. 1.90+001) 
-3. !HHOC't:' 4 .40+('Hl'J 
-?..68+000 3.42+00'l 
-1.11+~"0 1.R5+00() 
-3.42+0'10 l.A'l+(HHl 
-3.Q2+0l'O 4.31+00'> 
-2 .• ~6+1)00 3.63+000 
-?.78+000 4.04+00() 

1636 

••• LIIIo11TS ••• 
CHI( 1, 

-9.11-001 ::-.f'2+0~'l 

-l • r; 3+()nt') 3.~4+~0') 

-l.Ol+OOtl ?.r;4+0Cf") 
-1.'57+()('0 3.11'+00" 
-1.?7+000 2.44+000 
-t.~c;+OOO 3.02+0('0 
-1."7+001) 2.1q+OOO 
-1.c;8+0!''l 2.70+000 
-l.-'55+001\ 2.~7+001) 

-7..12+000 2.1'-4+000 
-1.15+0!'10 1.1!9+000 
-1.63+0~, 2.~7+00f) 

-1.60+00fl 2.01+000 
-2 .11+0(H) 2. 'H~+OOO 
-8.'57-0C'l 2.1'1+00" 
-1.33+000 2.'59+00'> 

PHI(WI 

-1.69+000 ~.AO+OO 

-2.1A+OOO 4.~0+00 

-1.71+0~0 3.?4+00 
-?.111+000 '3.69+00 
-2.00+0(\(~ '·11+00 
-2.47+000 ,.,4+00 
-1.71+000 'l.fiJ+ftO 
-?..12+0f'O ~.14+ft0 
-1.?6+000 '1.7.+00 
-?. '72+000 3.~4+00 
-1.75+000 2.49+00 
-?.13+000 ?.87+00 
-2.11+000 ?..72+00 
-2.77+000 '3.18+00 
-1.4'5+000 2.71+00 
-l.R2+0C\O 3.09+00 
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